ABSTRACT. In this note we are going to show that if M is a left module over a left noetherian ring R of the infinite cardinality λ ≥ |R|, then its injective hull In this paper R denotes an associative ring with identity, which is usually left noetherian, and R-mod stands for the category of all unitary left R-modules. As usual, for a submodule K of the module M and for any element x ∈ M the annihilator (left) ideal (K : x) of R consists of all elements r ∈ R with rx ∈ K. Dualizing the notion of the injective envelope of a module ([7]) H . B a s s [1] investigated the projective cover of a module and he characterized the class of so called perfect rings over which every module has a projective cover. By a projective cover of a module M it is meant an epimorphism ϕ : F → M with F projective and such that the kernel K of ϕ is superfluous in F in the sense that the equality 
RELATIVE PURITY OVER NOETHERIAN RINGS
In this paper R denotes an associative ring with identity, which is usually left noetherian, and R-mod stands for the category of all unitary left R-modules. As usual, for a submodule K of the module M and for any element x ∈ M the annihilator (left) ideal (K : x) of R consists of all elements r ∈ R with rx ∈ K. Dualizing the notion of the injective envelope of a module ( [7] ) H . B a s s [1] investigated the projective cover of a module and he characterized the class of so called perfect rings over which every module has a projective cover. By a projective cover of a module M it is meant an epimorphism ϕ : F → M with F projective and such that the kernel K of ϕ is superfluous in F in the sense that the equality
Recently, the general theory of covers has been studied intensively. If G is an abstract class of modules (i.e. G is closed under isomorphic copies) then a homomorphism ϕ : G → M with G ∈ G is called a G-precover of the module M if for each homomorphism f : F → M with F ∈ G there is g : F → G such that ϕg = f . A G-precover of M is said to be a G-cover if every endomorphism f of G with ϕf = ϕ is the automorphism of G. It is well-known (see e.g. [11] ) that an epimorphism ϕ : F → M , F projective, is a projective cover of the module M if and only if it is a P-cover of M , where P denotes the class of all projective modules. Denoting by F the class of all flat modules, the Enochs' conjecture ( [8] ), whether every module over any associative ring with identity has an F -cover, has been recently solved in affirmative independently by E . E n o c h s and L . B i c a n with R . E l B a s h i r in the common paper [4] .
In the general theory of precovers several types of purities are used. In some cases (see e.g. [5] , [6] , [10] , [11] ) the existence of pure submodules in the kernels of some homomorphisms plays an important role. Using the general theory of covers, in [6] the main result of this note appears as a corollary. However, the direct proof presented here is of some interest because the existence of non-zero pure submodules of "large" flat modules contained in submodules with "small" factors is sufficient for the existence of flat covers (see [6] and [4] ).
In my previous paper [2] I proved that if λ is an infinite cardinal, then for any torsionfree abelian group F of the size |F | ≥ (2 λ ) + and any its subgroup K such that F/K is p-primary and |F/K| ≤ λ, the subgroup K contains a non-zero subgroup L pure in F . This result was extended in [3] to the case when F/K is an arbitrary torsion group of the size at most λ, but the lower bound for the size of F is (ν ℵ 0 ) + , where ν is the first cardinal with λ i < ν, and λ i are given by λ 0 = λ and λ i+1 = 2 λ i for every i = 0, 1, . . . .
The purpose of this note is to solve this problem for modules over left noetherian rings, which are torsionfree with respect to a given hereditary torsion theory for the category R-mod. As a consequence we obtain that in the abelian groups category the estimation (2 λ ) + valid for the p-primary case is good enough for the general case. Moreover, we shall see that the submodule L of K can be found "large" in the sense that |F/L| ≤ 2 λ . As a by-product we shall also prove that for any module M over a left noetherian ring R of the size |M | ≥ max(|R|, ℵ 0 ) the injective envelope E(M ) of M is of the same size as M . 
∈ M } we obviously get the set of the size |E(M )| and we define the equivalence relation ∼ n+1 on the set M n+1 by setting x ∼ n+1 y if and only if I x−x n+1 = I y−x n+1 and S x−x n+1 = S y−x n+1 . By the same argument as in the case n = 0 we obtain the existence of an equivalence class M n+1 under ∼ n+1 having |E(M )| elements and we finally select an element x n+2 ∈ M n+1 arbitrarily. To finish the proof, let n ∈ {1, 2, . . . } and x ∈ M n ⊆ M n−1 be arbitrary. Then x ∼ n x n+1 yields I x−x n = I x n+1 −x n = I and for
We have thus proved that I x−x n I x−x n+1 for each n = 1, 2, . . . , which contradicts the hypothesis that the ring R is left noetherian.
(ii) If the ring R is infinite, then
is of the size µ by (i), while for R finite E(R (ω) ⊕ M ) is of the size µ again, and the assertion follows easily.
For the sake of completeness we sketch the proof of the following technical lemma, the proof of which can be found in [5] . Recall, that two homomorphisms f : Recall, that a hereditary torsion theory σ = (T , F ) for the category R-mod consists of two abstract classes T and F , the σ-torsion class and the σ-torsionfree class, respectively, such that Hom(T, F ) = 0 whenever T ∈ T and F ∈ F, the class T is closed under submodules, factor-modules, extensions and arbitrary direct sums, the class F is closed under submodules, extensions and arbitrary direct products and for each module M there exists an exact sequence 0 → T → M → F → 0 such that T ∈ T and F ∈ F. As a special case we obtain the following generalization of our previous results proved in [2] and [3] . 
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